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I Abstract

Suppose ~ = 

~~~~ . possesses a multivariate normal

I distribution with mean vector Q and positive semidefinite

I covariance matrix ~ . If C~ c R ~ denote convex regions

symmetric about the ori gin , then conditions are given such that

I P(Y. C1, i 
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obtain . These conditions imp ly that chi-squared random variables

I defined from a multivariate normal distribution are always

positively dependent and non- negatively correlated. Other appli-

I cations involve conservative simultaneous confidence regions in

a multivariate regression setting .
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1. IN1’RODUC’r ION .

J The following question has received the attention of

several investi gators . Suppose 1 =  (1 , Y~~,..., Y~ )

possesses a multivariate norma l distribution with mean vector

9 and positive semidefinit e (p.s.d.) COvariance matrix ~~~, i . e .  ~
is n(O ,1) . The dimension of Y .  is p~ so that the dimen-

k
sion of Y must be 

~

. p~ . We let C. denote a convex re-

gion in RP1 (and 
~~ 

its complement) which is symmetric about

the origin (x C~ implies — x C~~
) . t i n d e r  w h a t  c o n d i t i o n s

will at least one of t he  two i n e q u a l i t i e s

k
~l.l) P 1Y~ ~ C1 , i = 1 , . . ., k) :1 P(’~1 C 1 )i = 1

and

k
( 1 .2 )  P ( Y ~ ~ ~~~~

. ,  i 1 , ..., k)  ~ 1
~~1,i

h o l d ?  A p r i m a r y  a p p l i c a t i o n  of such in e q u a l i t i e s  has been

o b t a i n in g  c o n s er v a t  ive  s i m u l t a n e o u s  c o n f i d e n c e  b ounds  w h i c h

• are eas i lv c o m p u t a b l e  a l t h o u g h t h e  i n e q u a l i t y  is use t u l  in

o t h e r  a reas  as we 11

Dunn ~ 1 958) s h o w e d  the  i n e q u a l i t y  ( 1  . I )  w o u l d  h o l d  i f

p~ = 1 fo r  a l l  i and t h e  C~ were equa l , p r o v i d i n g

k 2 or K = 3 . ( l o r  K = 2 it i s  e a s i l y  shown t h a t

( 1  • 1) and ( 1  . 2 )  a re  e q u i v a l e n t  . ) Moreover  she  p r o v e d  h e r

c o n j e c t u r e  f o r  a r b i t r a r y  K i f  t he  c o r r e l a t i o n  m a t r i x

c o r r e s p on d i n g  t o  ~ was  of t he  f o r m  = h~ b~ , i ,j = I ,... ,k

i ~ I and 0 1 , i I , . . .

4 -~~• - 
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S i d a k  ( 1 9 6 7 )  wa s ahlc to e x t e n d  Dunn ’s results to the

case of an a r b i t r a ry  c o v a r i an c e  mat r i x and differen t C~ ’s

( ; m i th oug h s t i l l  one d i m e n s i o n a l ) .

Sco t t  ( 1 90 7 )  purported to prove the same result as Sidak

as we 11 as in equa  i i  ty (1 . 2) wi th  the  same conditions holding.

h owev e r a s u b t l e  c o n d i t i o n i n g  e r r o r  o c c u r s  in  Scot t ’ s argu-

i n en t s  and i n v a l i d a t e s  h i s  p r o o f s .  M o r e o v e r , S idak  ( 1 9 7 1 )  has

c o n s t r u c t e d  a c o u n t e r e x a m p l e to S c o t t ’ s second  i n e q u a l i t y  so

t h a t  ( 1 . 2 )  does n o t  h o l d  u n d e r  t he se  c o n d i t  i o n s .

In l ig ht of si.ia k’ s 1967 results it is t e m p t i n g  to  con-

j e c t u r e  an ana log ue of a one sided resul t due to Slep ian (1962),

n a m e l y  t h a t  d e c r e a s i n g  the  a b s o l u t e  v a l u e  of  t h e  c o r r e l a t i o n s

sho u l d  d e c r e a s e  P ( c .  s \‘ . ~ c . , i = 1, . . . , K)  . H o w e v er

a c o u n t e r  e x a m p l e  o f  S i d a k  (19 6 8)  showed  t h a t  t h i s  is not

t r u e  in g en e r a l .  lie d i d  show howeve r t h a t  the  c o n j e c t u r e

h e l d  i i  t h e  a b s o l u t e  v a l u e s  of the  c o r r e l a t i o n s  dec reased

in a p a r t i c u l a r  manne r .  - •

K i i a t r i  (19 6 ’) was a b l e  to  p r o v e  ( 1 . 1 )  f o r  h i gher  dimen-

s i o n s  ( a l t h o u g h the  mus t be e q u a l )  when the C 1 ’ s are

e l l i p s o i d s  of the  fo rm {x .x ’Ax S C . )  , the  cova r i ance  s t r u c t u r e

of I i s the Kronecker product ~ l~~’~ , and A and ‘~

are  positive sernidef .inite.

By addin g a res tric ti on sim i lar to Dun n ’ s on the matrix

K h a t r i  was  ab l e  to p rove  ( 1 .2 )  in the same setting.

He a l s o  c o n s i d e r e d  some s i t u a t i o n s  where  the  e l l i psoids  are

r a n d o m .  L a t e r  K h a t r i  ( 1 9 7 0 )  had  a p p a r e n t l y  e x t e n d e d  h i s

j
~-. 

- ~~~~~-~~~---- - -~~ ~~- • - - - - -~~ -~~~~~~~~~-- •---- --~~~~~~~~ - - • - • - - -  _ __ _



1
1967 results to the p o i n t  t h a t  (1.1) and (1.2) hold without

any res tric t ions on E or the C~ ’s (other than those in i-

tially assumed). Howeve r Sidak (1975) isolated an unobtrusive

j error in both Scott’ s 1967 paper and Kha t ri ’ s 1970 paper. More -

over , Sidak ’s 1971 counterexample has shown that the general

inequality (1.2) without restrictions is incorrect. l)as

Gupta  e t .  a l .  ( 1 9 7 2 )  cons ide red  i n e q u a l i t i e s  of the  type

(1 .1)  and ( 1 . 2 )  in the more  gene ra l  s e t t i n g  oi e l l i pt i c a l l y

contoured distributions. They we re able to establish in-

equali ty (1.1) with out restrictions on E providing every

r~ exceptone equals one .

Tong (1970) and Sidak (1973) have established some

inequalities related to (1.1) and (1.2) when all the corre-

lations determined by ~ are identical .

Whether inequality (1.1) holds in general without addi-

tional assumptions has been an open question discussed in

several of the above re ferences. lt is the purpose of t h i s

paper to give some new conditions unde r which inequalities

(1.1) or (1.2) hold and discuss briefly a few applica tions

which resul t.

2 .  THEOREMS AND PROOFS .

We will have need of the following lemmas in proving

our theorems .

LEMMA 1. If Z = (Z 1, .. ., Z~~) is a random vec tor w it h

densi ty f(z) symmetric about 0 (f(~ ) = f(-~~) for all
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z) such that ( z ;  1 ( z )  ‘- c) s c o n v e x  for all non- negative

c , a is an a r b i t r a r y  f i x e d  vector in R~ , and C is a

c”nvex set symm etri c about t h e  or i g in , t h e n  p~: c + \a)

i s  a n oni n cr ea sing function o t  • k ( O  \

Th i s 1 e imna i s due to ‘I . \. An de r son I 9 55 ) a n d is w e 11

known.

L1:MM.\ 2 .  ~ Up p& ~se t h e  squa re , svmnie t n c  m a t r i x  •\ is

p a r t  i t  i cne d  a~ \ = (‘ii ‘12) w h e r e  ~ 11 and A~ ( n on~~~~~uLi r~
are square. Then •\ is p o s i t i v e  d e f i n i t e  ( p . d . )  i f f  b o t h

11 1 ~ ‘ 1 and A ,  a r e p o s i t  i ye  ~le fin i te .

I t  is  w e ll k n o w n  t h a t  i f i s  a p .  d . m a t r i x

and 1) is tions in ~~u la r t same d in~ens i on) , t h e n i)1~ 1) is p. d .

1 1 we de f i n e  t h e  ua t r i  x

= ( :~ 
~ ‘1 ’22 )

then B is d earl y non s  i n g u l a r .  H o w e v e r  t h e n

A 1 1 
- 

~~ i 
~~~

BAIV = - — —  — 
,

2 2

which implies the desired result.

LEMM A 3. I f  1i 1 ( x )  , h . ( x )  ar e  n o n n e g a t i v e  f u n c t  i ons

e i t h e r b o t h  non i~ic r eas  i n g  or h o t h  n on d e c r e a s  ing and \ is

a random v a r i a b le , t h e n

4
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E h 1 (X) h 1 (X) ~ Ii h~ (X) •L I-i , (\)

This result is well known and appears in various places ,

I one p lace  b e i n g  K i m b a l l  ( 1 9 5 1) .

LEMMA 4. If x = ( x 1 , . . . , x 1,r is  a p - v a r i a t e  v e c t o r

and ~ ( x )  i s  a r e a l - v a l u e d f u n c t i o n  i n v a r i a n t  u n d e r  o r t h o g o n a l

transformation (~~ Ax) = ~~x) f o r  e v e r  o r t h o g o n al  m a t r i x

- 
A) , then  ,~( x )  i s  :i funct ion of x only throug h ~Xj

i.

£ PROO F .  For a given vector x = (x 1 , ..., x~~~ , let

c i ( x )  denote  an orthogonal matr ix such that 0(~~ ~ =

• 
w:x~~) ½ , 0 , . . . , 0) . (IcLOG we may a s sume  0 ( a x )  = 0(x)

for any positive cons tant a. ) Th e assumption then gu a r a nt e e s

t h a t  ~~ x) = .~(0(x)x) is a function of only Yx ?

Theoreir I is , in one sense , a generali :ation o1 a theorem

by Das Gupta et. al. (1973).

1T: IEORE M 1. Suppose (.
~ 

) is  n (O , ~
) w i t h  covariance

~ll~ 1’matrix E expressah ie as 1 = (~ ~ 
) and that c is an

• 21 2 2
a r b i t r a r y  convex  set s y mm e t r i c  about 0 . Then i f  •\ i s

id e inpo ten t  (A 2 = :\)

( 2 .  1) P ( Y  1n C , I A Y , c) P(11cC) P(V \Y , c)

for a l l  c 0 

— -• - • -~~- -- - - - - - — •- -- ---~~-- -  - —- - - ------ -— -• - • • —  •• -~~~~~~ --- -•---- - —— —---- ~— •--- --- •--.—‘.
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I I\ ~~I. i~~v .  Lk i t g  1 t uc~~: t r aas I o r~~.i t ~ :i~ on 
~ 

and

• .~~ t di n ay  ‘dIl~ e I h l u m ~’c r o f ran~~o:n va r i ah l e s  , we m a y

:~~ t ~~‘t~ i 
~~1 1 • m n j  1 . ,  ~iFc )f lu ll n a : i k  and

~ ~~e Ic t s ~e o~ ( 2 .  11 i s

- c  n i v  a l s o  5 i - , ~~~~~~~ t m ~m : ~s t a l l  r a n k , si~ice if it

s i .  ~ c :~~mv de tiC •t se k ice of :0s i t ~~~~ Je 1 m i  t e :na t i ct’s

S ~it ’ b r a  ;~ m c h c~~ i ~~~c r~~ ci ~‘ :k’ n w i st ’ 0 ~ an .1 t heti

ase a 1 in ia~ a n m n c : m  o o~’t a i n he des r eI com ic l a s  i on .

• v a con mum i t v a r~~u n ea , ‘
~~~c ;na v u c p  1~m c c  I ) .

- - • m ud  s~ i l l  h a v e  Y oc posit ~ve ~Je f i n i t e  if L

is su fbi c ient ~ sma 1 1 . hus t he a u ~~ i c n t  ed nat n i x ,

V V V

11 • 
1 2  “ 1 2

( .  ~ ~~ 1 ( l - ~ ) 1 ,~

1 ( 1 - ~~) 1 , ,  ( 1 -~. ) 1 2 .

is  j~os i t i ye  de f i n  i t  e fo r  i su I i i  c i en t lv s na 11

I L )  5 C C  t Ii s , p a r t  i t  ~ on o I I the last ro c and c o l u m n  of

subma  r i c e s  and n o t  e I ro :n Lemma 2 t h a t  Y * i s p  . J. i f f

(~~~~~ i 
- 

~l , . 2 I I (l
~~

) 0

(2 .3)
0 t I ~~, 

- ---- - —---- -~~~~~-
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I

a nd (1  ~ ) L )  a r e  p . d .

•~uppo se  noi~ t h a t  ( Y~~, 1 , : - 
~s n ( J , *)~ ihen

we may w r it e

P ( 1 1~~C , ‘
~~~ 2 ~) = i~~(Y 1 LC , ‘

~~* 
ci :)

( 2 . 4 )  = i i  1~~~h 1 is n ( ~~13 :/ ( 1 - c ) , Y 11 
-

c~~~~~~~~ , is nL, L 1 2 j )

whe re : i s  : i ( d , ( l  - ) I 
~~~~~) . I f  we l e t  = ( Y : ) ½

d e n o t e  t h e  d i s t a n c e  Iro n : to t h e  o r i g in , we ma e x p r e s s

: = 
~ 
(j , 0 , . . . , 01 w h e r e  t he r ando m n or t h o g o n a  1 ma t  r i x  Q

a n d a r e  i n d e p e n d e n t . Moreover , s i nce t h e  d i s t r i ~~ut ion

o f  ~ i s  i n v a r i a n t  i f m u l t i j ’ l i e d  on t h e  l e f t  ~‘v a f i x e d

o ~~ h o g o n a  I ma t  r i x , ~ mim s t p o~ es s t h e  Ia a  r m a n  i ate 2 is t r i —

but  ion discusse d in  A n d e r s o n  ( 1 9 5 $ ) .  S i n c e  t h e  c on d i t  i o n a l

tl ist rihut ion of Y~ Y , is (except f o r  a con s t  a n t )  a n on c e n  -

t r a 1 ch i sq u a r e  LI d i st r i hut i a with noncent ra li t  p a r a m e t e r

a n d he n ce f ree  o f Q , we m a y  e x p r e s s  the  q u a n t i t y  in

( 2 . 3 )  a s

( 2 .  ~) [ :~ P ( Y 1t C 
~
Q, I 1 ) 1  • P ( Y  ;i , )

1 1  Q -

3y Lemma 1 , t h e  second factor of t h e  i n t e g r a nd  i s  a dcc reas-

ing fu n c t  ion  of . Si m i  l a r l v , f o r  a fixed v a l u e  of ~

I

~ 

- - ~~~~~~~~~~~~~~~ —— • . - • ._
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the  i n t e g r a n d  of E is non in c  r eas  i ng in , a nd h e n c e

Q
1 P ( Y 1~~C f Q ,  j Z f )  is n o n i n c re a s in g  in J f  . Then by apply-

in~ Lemma 3 , the  e x p r e s s i o n  in ( 2 . 5) m ust  be

Ii P(Y1cC fQ , I~~
I) . i~ P(Y Y~ c f  Ifl)

I~ l -

= P ( Y 1cC) • P ( Y ~ Y 2 ~ - c)

w h i c h  w as  the  d e s i r e d  r e s u l t .

3v replacing the  words ~‘nonincreasing in 1 : 1” by

“n o n d e c r e a s i n g  in :~“ the f o l l o w i n g  c o r o l l a r y  is im m e d i a t e .

• COROLLARY 1. Under the  same a s s u m p t i o n s  as in Theorem 1,

P ( Y 1L~~, Y~ AY 7 � c) � P(Y 1€r )P(Y •\12 c) . —

I f  we assume t h a t  C is of the  form

= 
~~ {~~~, ~~~~~~~~~~~ 

C j )

where the  are idempotent mat rices , t h e n  repeated appli-

ca t ion  of Theorem 1 g ives the  f o l l o w i n g  c o r o l l a r y .

COROLLARY 2 . I f  Y = (Y~~, .. . , Y~~) is n (O ,~~) where

the co r r e spond ing  p a r t i t i o n  of ~ is

I
I - H
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(

t hen

k
t’~~,i = 1 , .. .,  ~)~~ fl I’(~~~\ y  c~~

for a 11 pos i t  i y e  cons t ants c , . . . , •

l b  i s  I s a ge im e  ra 1 I t I on of  Si  Wi k ‘ 1 9o ~) t Iiequa 1 i t  v

in  t h e  sense  t h a t  a sy inmet  n c  i n t e r v a l  g e m i e r . i  11  :es t o  a

s v m n m e  t r i c sp hli ’ no i d i n  h i g h e r  d i  men s  i o n s  aim ii a ii ((1 , 1)  r a n  Join

v a r i a b l e  g e n e r a  i i  ~es t o  a ii (0 , I )  r a n d o m  v e c t o r .  i o r o  I I a ry

2 s t a t e s  t h a t  t lie cli i Squn  ncd r a n d o m  va r i . ib 1 es Y A I a re

pos it i ye I\ 01. t ha i i  t i k ’p enden  t . St  r o n g i ’ r f o r m s  o I dept ’nd en cv

~ uch as as soc i at  v i t  v , pos i t  i vi ’ r e g r e s s  ion  d e p e n d e n c e  ant i

m on o t o n e  I I ke Ii hood ri t i o d e p e n d en c e  as d m s cim s sed for e x a m u p i t ’

in I )vks  t r a , I l e w e t  t , and Th ompson  ( 1  9 3) do n o t  ho I d iii gene n.m I

fo r  these cli i s q u a r e d  v a r  i ab I t ’ s .

lo w e v e r , when  k 2 , more  can be s a i d a bou t  t lii ’ n.m t u ni’

of  the in e qu a  l i t  y i n  C o r o l l a r y  2 as I mi d m c a t  ed i n  t he lo I I  ow m

theo  rem.

“ 1TIIEOIUiM 2 .  I I  (~ 1 is n (0,Y) , w h e r e  Y may be

p a r t  i t  i o n e d  as

11 ‘ 1 2
= 

I ,,



-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~— - -~~~~~~ —~~—— •‘ - - -
~~~~ 

‘ -- -—-.-
~~

5,

— 1 0

t h e n  fo r  . m 1 1 c ami d c 2

, ‘ 
“

I” .1 IIOIItICC i’ca s i n b u n t ’t I on of t he ch in  r a t ’ t e r I ~ t i c r oot  ~ , ‘: —~

l’lWt i F . I h e  me cx i s ~ or t h o g o m i a  I m a t  r m  “ 

~ I and  Q , s u c h

t h a t

I i ~~~ 
m~~ ( . . . , ~‘~~1

1% Ii C l i  0 rn a me t he cii a m t  e r I st I e m o o  s o I : 1 2 2 1 ~
iL C 111:1 V C \ P re s s ( . 1 .1 5

P 1 P 2
I’ l’(\’

~i~ “ 1 
— : 

~~~~~~~ ~~~~~ 

. 
‘

‘
5 Y Y~ , II i~~2

whme me (~ . ~ ~~ ) d e n o t e  t lie ,‘ :m ndomn  ~‘eo t or.; (1 .1 .1 w t h t lit ’ Ii r~- t

t- ol1 l~otlents 
t emnoVOt i • i I \~C 1 lit ( I i ’ on ~ ~ I i s we l I k n o w n  t h a t

t h e  m n t e~~m a n d  . and hence the w h o l e  e x p r e s s  m e n  ‘n i ’ t  i n c  r e a s e.

Si m ice i s  n o t  ~pec I a I . t he  t !i eore l r  e a s t  ii’ I ol  l o w s .

I mm a t  t e m p t  i i l i ~ t C ext end  Co me I I a tv 2 t 0 C I I I ~.o i Wi 1 t ’e~’ i ens

ma t h e r t ii an ~.phe  FO i ds , d I I t  i cii it i e ; a m e c ue ewi t e  m e d  . I h o w e v e r , h~’

pit t t i i~mt a r a t  h e m ’  ‘; t i - i n ge n t t’ond i t i on  out t lie c e v a  r i ;%mmct ’ st mime I imi . e

a r e s u l t  r a t h e r  ~. 1 m m  1 a m  t e K h a  t m m ‘ s 1 9(~ 1 me ’~ i m l t  • t h i o t i g h  st at ed

d i Ic remi t I v  , I s pos ~ lb  Ic

T h I 1 ~~ l~U’i 3 . let \ • 
( I  ~ . . . • 1 ~kn o t  e k p ‘ 1 r andom

V C i . tot . po’; s es S m n aim n 1 • I~ ~ Y ) d m ‘~t m m b i t t  i o n  w he me

- 

‘

,

~ 

- - - - •—— — — — - — - •— - -• -
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b 11~ b 12~ • • • b

1~ E

(2.9) B ~ = 
b22. .

bkk E

is the Kroneck er p roduc t of B and E . Then if A is a

symmetric p.d. matrix ,

(2.10) P(Y A ’ Y~ sc~~, i=l ,...,k) � fl P(Y A 1 Y~ � c~)

for all pos it ive cons tants c 1, ..  .,  Ck

PROOF . We may assume WLOC that B and E are full

rank . Then , by using the nonsingular ma trix Q such tha t

Q E Q = I and Q A Q = diag A = (A 1)

where A~ are the roo ts of IA  
- A Z I  = 0 , we may expres s

(2.10) as

(2.11) P(Y~ A~~Y. ~ c~~, i = 1,.. .,k) H P(Y A ’Y~~ c1)

where Y has covari ance matrix B ~ I . The augmented

matrix

b 11 1 . . . . b 1~~I hik i

B*,I = : b 22 I~

: . 
h kk t ( 1_ c ) b kk ]

. . . . (l_c)b kk l

1 

--- -~~--



~~~~~~~ - --- —~~~ - -~~~~~~~~~~~~~~~~-~~~~~~~~~~~~~~~~~~-- •~~~~~~-- --~~~ - - - -  - - - -

V

-1 2 -

wi 11 he p. ii. it ‘ 0 is s u t l i  ci em i t 1 > t’ l o~~e to 0. Ihus i I

. . . ,  \~~~~, ) ‘ is n (O , I~* e I), the lef t  side of t,2 .ll )

eXp ressah Ic as

P(1 .\ 1
1~

’
~
c 1 .1= 1 ,... ,k- i f : )  ~i~ (~~~ A 

~~k~~~
L

k 
I : )

h o w e v er , by t he  d i a g o n a l  st i ’u c t u r e  of A and t h e  c o mid i  -

t io zia I cov ; m n i  an cc s t ruc t ur t ’ o 1 1 g i t e n  : , it foil em~s

f r o m  i c m n m a  I th ;i  t i’ ach lac tom of  t h e  i m i t e  k~ m’a m id m s a non —

i n cr e a s  m n ~ f u n c t  i on  of 2 1 w h e n  , ,  . . . , a r e  lie I d

fixed. Repeated app 1 icat ions of Lemma 3 i m n p l y  t h e  des i  red

i’esul t

One mu i gh t ii 0~ e t i m a t l i m e  o m e  mu 3 W O ~~ I d e x t i’ mmd i n cc r t a i n

5 i tima t I oti s to t h e case  w h en -‘ i s randoum . linde:’ t h e  m l gi: t

condi tons , this does indeed ha ppem i  ; t h e  m l  g u t  c o n d i  t j on~
he i n g  t h a t  A p o s s e s s  a cent ra I W i  s t-i a r t  .1 1 st  m l b u t  ion w i t h

covat’iance mu at n i x ~ and t h a t  A he i n d e p e n d e n t  o f  V

COROLLARY__3. II \‘ = ( \~~~~, . . .,  Y
1

) 15 11(0, B~~ ) ,

has a central lV is h art distrib ution w it li cov an iance matrix ~‘ ,

(S is W (v,~~) )  , and  I and S ar e  i n d e p e n d e n t , t h e n

k
(2. 12) I Y.S ’I. ~

- c , i=l ,... ,k) ~ UP(\’ 5 11 1 c~~) for
1 1 1 1 ~

all positive constants c1, c7,. .. , c~

I’ROO F. Clearly we may assume E = I l~h O ~~. Then t he

conditional distri bution of tYçS ’Y 1,..., 
~~~~~ 

g iven

~
.

- ~~~ _ _  . 

_
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S depen ds upon S only through its characteristic roots

a ( ‘~‘~ , , • ,  - 4 ’ )

~~>‘ Theorem 3

S P (Yç S ’Y 1 
s c 1 , i 1 , . . . , k )

= i~ P(Y~ s~~y 1 c 1 , i = 1 , . . .  ,

k
(2.13) -

. F 11 P(Y. S 1 V~ ‘- e . i  p)
c i  1

Since the charact e rtic roots of a W ishart matrix with

iden t i t y cova ri ance mat rix a re sto chas t ically increa s ing in

sequence (Pykstra and : l e w c t t  ( 1 9 8 ) ) , and s ince each fac to r

o f t he in teg r an d  in (2.14) is nondecreasing in ~ , Theorem 1

of I)ykst ra , ‘lewet t and Thom pson (1973) preserves time desi red

inequality when the product si gn is brough t outside t h e  es-

pe c t a t ion s i gn.

3. A P P L I C A T I O N S .

Since t he  r i ght  side of the (2.o) is just time produc t

of central chi-squared probabilities , Corollary 2 essentiall y

states that chi-squared random variables which arc quadratic

forms of a unul tiv aria te norma l vec tor are a lways positi vely

or than t dependen t as defincd i n Dykstra et. a l .  (19’3).

howeve r an e xample of Sid ak’ s (1971) shows that stronger

forms of p o s i t i v e  dependence l i k e  “ a s s o c i a t i o n ” , sto chas t i -

cal ly increasin g i n  sequence ” and “posi t i v e l y l i k e l i h o o d  r a t i o

dependence ” do not hold in general. However , positive orthant

_ _  _ _ _ _ _ _ _  _ _ _ _ _
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dependence  doe s imp  1)’ m i om m —n cg.m t m vi’ c or r e  Lit i o n s  b y t h e  c x —

pu ’c”s ton t o m ’  t h e  cova  r i  a m i c e  g i v e n  iii I e hmnanmm (1 9~~~)

(;‘) Coro llar y 2 scent s sontewliat related to the btvam ’ia t t ’ cli i - -
:

~~~~~~ r ed i nequa I it v g i ve m i  by J e n s e n  1 9~~O ) ‘iowcve m’ Jem i sem i ‘

1 !I( ’q thl l i t  V • is ii ii ~ t 1s t ) s I ded , on Iv t i e  Id lo t’ k 2 • eq ua I

dee i’e ss o f f r e e d o m , .i m m d i ilem i t i ca I t n t  t’ i v  a i s  . ~o re eve r , 5 jflC e

h t v-a r m ,t t e c l i i  - squared ta m mdomum vat’ lab I i ’s  di’ f i n e d  i n  t h i  s u m a n n e r

a me com id i t I emma I lv  i nd e 1) ende m l  t am i d t d e n t  Ic  a l i v  di st I’ I hut ed as

s h own h ~haked (19 7~ ) , Jensen ’s i tme qu a I m l  v wou l ii , i l s e  h o l d

fo i’ ai mv i~o me I s e t

(hi C o r e l  I ~m m’v -
, 

m mp l i e s  t h a t  t h e  p r o d u c t  o I ’ ti m e mua rg i m ia I

c. d . 1. ‘s of mu I t  m va r i ate cli i - s q u a r e d  r a n d o m  t a m ’  i mb  1 es s e r v e s

as ,i I e w i ’ r boun d f’o r the j o  t n t  c . d .  I .  o I’ t h e  r a n d o m  y a m ’ i ab li’s .

A s i m u l la m s t a t e m e n t  app l i e s  f o r m n u l t  i v a r i a t e  P r a n d o m

m a r l  ab les  such as d 1 s c u sse d by ~c h u u r m u a m m n  , ¼ r t s h na  m a i m a m i d

Cha t t o p ad h v~t v  ( 19  5) . T h i  ~
, fO 1 low 1w con~l it jolting oii the

i n d e p e n d e n t  tl em i o mmm in ~i tom’ , app I y i m m g Co m’o 1 la m’v 2 , an~I t h e n  mi s i m ig

L emm na 3.

(c) I 1’ goodimes s of Ii t stat is t I cs art’ ~Ie t’ n ed  on d i  f t’e r en t

co - o r d i n a t e s  o f  mii i t i var i ate dat  a , t h e n t h e  . tsvmu p t ot i c cli i —

squ a r ed d i s t r i hu t i o m m s , ~i s s u m u i m m g  t i m e  m i u l  I h y p o t h e s e s  to  be

t r u e , w i l l  sati s lv time inequ a lity in  ( ‘o re  1 l a r y  2 .  Thus i f

one rej ect s time lmvpot he s i s  t h a t  a l l  un I va m ’ i a t e  h y p o t h e s e s

are  t rue whene v e r a un I var i ate hyp o th~ s is i s  r ej  i-’ctcd he

W ill , asymptotically , have a conservat i ye est i m a t e  o f  t h e

Si gni ficanc e leve l I I he treats the im i d iv  i dna I test s as be i ng

- i

__ 

‘I 
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I
ind ependen t .

( d )  An application of Coro llary 3 i n v o l v e s  s i m u l t a n e o u s  in-

Ic rence 1m m inn it I v a r  i ate linear re gress ion . i’hat I s , 1 et I

he a N p data matrix of N independent observa t jolt s Ofl

p response s , X be a N q des i gn ma t r ix  of t’ixed known

independen t vari ables , B be a q p ma t r i x  of T para me ter’-~

and F he a N p matr ix of random errors whose rows a re

di st ribu ted independen tl y as n (O , ~) ran d om u vectors. I t

i s well known fr om leas t squ a res t imeory t ha t the  e s t i m a t o r

of B which min imizes Tr [(Y - Xli) ~(Y - Xli )] is g iv en by

= (X X) ’X~Y
q xp

• assuming X~ X is of full rank. ‘l’hc distribution 01’ t iti’ ro w-

wise rolled out version of 3 is timen multivariate norma l

wi t h covar iance ma t r ix (X ’X) ’0 ~ and mean  equa l t o  the

row-wise roll ed out B

?‘~oreov c r , 
~~ E 

= Y~Y - X~ XB is i n d ep e n d e n t  of i~ an d

pos sesses a central Wishart distri hutio im with N - q de gree s O f

fre edom and cov a r iance ma t r ix Y . Thus if we colmstr uc t

e l l i pso idal c onf idence regions for t h e 1 th row of ’ B based

on the 1th row of fi and front the ex p i e s siom i

- 

~~~ Q~
’ ~~ 

- 

~~ 
‘- c~ ) 

= I - a .

then Corollary 3 guarantees that the confidence coefficient to t ’

a l l  the ell i p soida l reg ions to con t a i n  the respective para-

~ 

_ _
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net e m s muu- ~ t be ,it le ast 11(1 ) . I’hi i s gene m ’a ii ze s t he

k m l o h ~1 c o mp a m’ . i h l t ’ r e s u l t  (or n n m v a r i . i t e  I m eat’ regz ’essio:m .

(e ’, ~ io t a m i t (l9~0~) i s com icermied with

r\1\\ m a x {~~ ’ ~~ 1 ; )

w h e r e  
~~~~

, . . .,  ‘
~ 

m~~~~ -a m ’ammdom sampl e front a n(1 ) , ~
‘ )

~I i s t  m m  b u t  i o u  .m m i d ~ pe s ~es ses .i n t m i d e p e n d e n t  
~
.
‘
( v , Y ) d 1st rihut iou

‘- m ot ,in i m~~p m o  x i m it at t’~~ t h i ’ LI 1s t  1,1 b u t  i Ofl o t T~ ~~ 
by us i m ig

Bontt~ r r~ n iimequ~m 1 t i es . I Ie i ~eve  t ’ t lit ’ p r o d u c t  i n e q u a l i t y  g i ~‘en

i t t  l i i i ’ o r em it , w m I I h i’ L 1 e~~i’ m’ to t lit’ t m ’tme r~ 
m ob ab 11 ~t t es and h e m m c  e

L e a  1 d be u~.cd t e nip t o m e  Si ot  ~m n i ~~s . ipp  me \ I m a t  i o n s

~1

_______ ________________ ~~~~ ~~~~~~~~~~~~~
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